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USE OF SENSITIVITY FUNCTIONS IN THE PROBLEM OF DESIGNING 

A MULTILAYER HEAT SHIELD 

A. Yu. Bushev and V. V. Gorskii UDC 519.2:536.212.3 

An approach is proposed for solving the problem of designing a multilayer heat 
shield with a prescribed structure from the restrictions on its temperature. 

The solution of a problem of the form 

n ( 1 ) 
M = ~Pvar, ihvar,]  ~ rain, 

/=1 hvar 

Ycon,i~Tco,l~, i =  1, m, (2 )  

hvar , /~hva r , j  ( 3 )  

g ives  the  w e i g h t e d - o p t i m a l  s o l u t i o n  of  the  problem of  des ign ing  a one -d imens iona l  m u l t i l a y -  
e red  c o n s t r u c t i o n  ( p a c k e t )  of  a p r e s c r i b e d  s t r u c t u r e ,  which i s  exposed to  a h i g h - t e m p e r a t u r e  
medium and i s  c h a r a c t e r i z e d  by r e s t r i c t i o n s  on the  t empera tu re  in s e p a r a t e  zones of  the  s t r u c -  
t u r e .  The t empera tu re  in the  packe t  i s  d e s c r i b e d  by the  one -d imens iona l  F o u r i e r  equa t i on  [1] 

OT 0 (%(T)  O_~_T]. (4) 
pc (T) O--7 = O--[f \ oy j 

With the help of the method of the penalty functions [2] the starting problem (1)-(3) 
can be reduced to an unconditional-minimization problem 

F =  Pv~,jhvar,i + ~,.~ai max (0, Tco.,t-- Teen,i) + ~ b j  max (0, hvar, i - -  hvar,i)-+min._ (5)  
]=1 i--I 1=1 hvar 

The difficulties arising in the development of methods for solving problems of this kind 
are discussed in [3, 4]. However, these methods are not widely employed for investigating 
practical design q~estions. A simplified approach to the synthesis of structures, based on 
finding the combination ofthicknesses of m separate layers such that conditions of the type 

% ( h w r , j  . . . .  , !hv ...... } = T ..... i(hwr,l, -.., h . . . . .  ) - -Tcon , i  = 0, i = ' l ,  m ( 6 )  

are satisfied, i s  employed much more often. 

The present paper is devoted to methodological questions concerning the construction of 
the solution to problems of the type formulated above. 

One possible algorithm for solving the problem (6) by iteration consists of the follow- 
ing sequence of operations which are performed at each k-th iteration: 

formation of the initial approximation h (k) (j = i, m) for the unknown thicknesses of 
var,j 

the layers; 
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calculation of the values of the functionals ~pl h~ and their partial derivatives q~,~,i 

with respect to the arguments hvar,j(i , j = i, m) using the heat-conduction equation; 

determination of the increments to the thicknesses of the layers bh (k) ., satisfying 
the system of linear algebraic equations var,j 

t l ' .  

(h) At,(h) 
q~h,i,/~,~v,r,/== --qol h>, i =  1, m, (7)  

obtained by linearizing the system of equations (6). 

The transition from the k-th iteration to the (k + l)-st iteration is made with the 
help of formulas of the type 

h(h-•- I) t,(h) , A(h ~ wr4 = " , '~ . i  ~- '-~h,i, ] -= 1, m ,  k == 1, 2, ...; 

~(k )  [ Ah(,~2~, :, I~) ^ i h) IAh~.r,,l ~ IAhv.~..,l, 
IAh,..~,:l > 15hw~,/I, i = I, m; 

t A b  (h) A A]z~'~.: - -  [3hv~,i sign, . . . .  v ,~ , j , ,  ] = 1, m.  

(8) 

(9) 

(10) 

The iteration process terminates at the ~-th iteration at which the conditions 

are satisfied. 

One of the basic elements of the solution of the problem using the algorithm presented 
above is the calculation of sensitivity functions. These functions are derivatives of the 
temperatures of the packet with respect to the thicknesses of the variable layers. 

One possible method for calculating the functions ~t~i is based on their finite-differ- 
ence approximation. This, naturally, requires repeated solution of a nonstationary heat-conduc- 
tion problem. This approach is quite simple to implement. However, the time required to solve 
the problem increases rapidly with increasing number of variable layers in the packet, and 
there are often certain difficulties in choosing the step for the finite-difference approx- 
imation of the derivatives ~h.; 

A different, alternative approach to the solution of the problem under study is imple- 
mented in the present paper. In this approach the sensitivity functions are determineddirect- 
ly from the differential heat-conduction equation (4). 

_ To this end we introduce in the k-th layer of the packet the dimensionless coordinate 
y = (y - y0,k)/hk and rewrite for it Eq. (4) in the form 

1 0 ~.h(T) = 9 h c j , ( T ) - -  

Nex t ,  d i f f e r e n t i a t i n g  Eq. (12)  w i t h  r e s p e c t  t o  t h e  t h i c k n e s s  o f  t h e  v a r i a b l e  l a y e r  h v a r ,  j and 

returning to the dimensional coordinate y, we obtain the equations for the sensitivity func- 
tions in the form 

X phck (T)  q- @ ' " Oy J ] = l ,  m,  

(13)  

1, i f  ]--=-k, 
where  8 j , ~ :  0, i f  ] ~ k ;  

~T,k  (T)  = %r,k (T) /%h (T); CT.~ (T) = c r . h ( T ) / c  ~ (T) .  

The boundary conditions on the surfaces w and v of the structural packet in the general 
case have the form 
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TABLE i. Ty 

Type of packet 
Number of layer: 

Layer number 1 

Material 1 
number 

Number of vari- 
able layers 

Number o f  1 
layer varie@ 

Thickness of  
fixed layer, 
mm 

Number of con- 
trolled junc- ,~ 
tions 

Number of con- t 
trolled junc- 
tion 

Maximum admis- 1773 
sible temp. 
of controlled 
junction 

,es of Packets 

1 

4 

2 

2 

1273 

3 

3 

343 

4 1 2 

4 2 5 

1 

0,5 

2 

1073 

2 

5 

0 3 4 

2 

4 

1 3 

343 

1 2 

2 5 

o51 

1073 

3 

5 

3 4 

3 5 

2 

5 0,5" 

1073 

TABLE 2. Properties of the Materials 

Number of 
material 7~ (it) c (T) p 

! 
3 0 - - 5 i '  

( 1 + 7 +  T 2) 0,05 

0 , 0 4 + 0 ,  O1 7+0,037 ~ 

0,4- } -0 ,  1 ? 

2 o + ~ 5  y 

1500+0 ,2T  

800 ,-+0,3T 

1800- -T+400  7 " 

--400+5T 

1 5 0 + 0 , 5 T  

2100 

200 

100 

1800 

7880 

TABLE 3. Formulas for Calculating Heat Exchange at the Surface 
w of the Packet 

Computational formulas 

qlv I (~/cp)~, Ie.z~, I,~, 

(~I@),o Oe,~ - -  LJ - -  
- -  ew~T 4, 

i 
r :  -c--  1000 

0,03 exp} t 3 ---]-00--0 

' . /  ~c--500 \ - ]  

i - 2 ) t  ).i 
I 

3.10 r~ (1 + 

+ 100 cos (nr /200) )  

954 T,,; + 

+ 0,0862 T~ 

TABLE 4. Formulas for Calculating Heat Exchange at the Surface 

v of the Packet 

Packet Computational formulas 

type qT~ (CUCp) v le,v Iv 

15 (323 --  Tv) + 
--}-eve (333~ - -  74 } 

(alep)o (Ie,v - -  Ic) - -  
- -  ~v~T 4 

0,2 (~./c1:,)w Ie, u" 

i 

954 Tv -{- 0 ,0862  T 2 
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TABLE 5. Results of Solving the Problem of Designing a Packet 

Type of 
packet 

Initial approx. 
~(0) . 0~ VIIF" i 

(5; 5; 10) 
(5; 10) 
0o; s) 

Problem solution 
= ( ' 1 , t 0  ~ nvar  

(17,7; 20,1; 35,2) 
(25,3; 32,4) 

(39; 5,9) 

Scheme 
! 

1, T e [ 2 ,  ~e 

290 ] 74 
399 159 
649 t 99 

I 

~(T)  OT 
h~ ~y = q'~(T); ( 1 4 )  

~,~ (T) OT 
h~ Oy = q~(T). (15) 

The specific form of the functions qw(T) and qv(T) is presented below for different cases. 

The boundary conditions for the sensitivity functions are obtained by differentiating 
the relations (14) and (15) with respect to the thickness of the varied layer hvar,j: 

8J,1~ ; (16) 
..... Z1 (T) O~z~,~Oy = qw,z (T) ~h,J + L1 (T)-~y ~T.1 (T)-- hi ] 

Z~,(T)2%~'J = 2~(T) aT ( 8L.) .  (17) Oy q:,,T(T)%,j-- -~9 ZT.,~(T) h~ / 

The boundary conditions on the inner surfaces of the packet, which bound the gas interlayers, 
if, naturally, such layers are present, are constructed in a similar manner. 

The numerical solutions of both the direct problem of heat conduction and the problem 
of determining the sensitivity functions are constructed in the present work using implicit 
difference schemes for Eqs. (4) and (13) and the sweep method [5]. Since the equations for 
the sensitivity functions are linear, these functions are determined at the last iteration of 
the solution of the direct heat-conduction problem. 

In order to show that the proposed method is effective and works we performed an extensive 
numerical experiment. As an illustration of the investigations performed we examine the re- 
sults of the solution of the design problem for three types of constructions, which are pre- 
sented in Table i; the material with the number zero corresponds to an air interlayer. 

The thermophysical properties of the materials and the formulas employed for calculating 
the heat-transfer parameters are presented in Tables 2-4. The emissivities of all surfaces 
in the packet, which participate in radiation heat exchange, were assumed to be equal to 0.8, 
while the parameter ~, appearing in the formula (i0) and limiting the rate of change of the 
parameter hvar, j in the iteration process, was set equal to 0.2. The initial temperature of 
the packets was equal to 300 K, and the process studied was assumed to last for 1000 sec. 

The main results of the investigation, performed usin~an El'brus I-2K computer, are 
presented in Table 5. Implementation of the algorithm according to the first scheme corres- 
ponds to determining the sensitivity functions with the help of a finite-difference approxima- 
tion, while second scheme corresponds to solving the corresponding differential equations. 

As one can see from Table 5, the second scheme for determining the sensitivity functions 
gives a much more efficient algorithm for solving the problem of designing heat shield. 

NOTATION 

M, F, and ~ , functionals; T, temperature, K; y, spatial coordinate, m; Y0,k, coordinate 
of the start of the k-th layer, measured from the surface w, m; Tcon,i, temperature of the 
i-th controlled junction, K; Tcon, i, maximum admissible temperature s the i-th controlled 
junction, K; Ycon.i, coordinate of the i-th controlled junction, m; T = T/1000; ~.>=aT/ah ..... j; 
~h~j=~hj(y .... ~) ; qw and qv, heat fluxes supplied to the boundaries w and v of the packet, W/m2; 
qw,T = 8qw/~T; c, specific heat capacity, J/(kg.K); X, thermal conductivity; W/(m-K); p, dens- 
ity of the material, kg/m3; hvar = (hvar,l ..... hvar,m), collection of variable layers in 
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the packet, m; hvar,j, minimum admissible thickness of the j-th variable layer, m; ~w and Sv, 

the emissivities of the boundary surfaces w and v of the packet; le, w and le,v, enthalpies of 

restoration of gas flow at the boundary surfaces of the packet, J/kg; I w and I v , enthalpies 
of restoration of gas flow at the temperatures of the walls w and v, J/kg; (~/Cp) w, (a/Cp)v, 

heat-transfer coefficients of the surfaces w and v, kg/(m2.sec); o, Stefan-Boltzmann constant, 
W/(m2"K4); E i = E = 0.01, required accuracy of the iteration process; T, time, sec; ~c, com- 
puting time, sec; and a i and bj, coefficients in the penalty function. 
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